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The generalized Brillouin theorem is used to construct an optimization procedure
for MCSCF functions by iterative contracted CI calculations. Special attention is
paid to the MO transformation step in each iteration. In this method the MCSCF
calculation may easily be augmented by a restricted CI calculation involving a
configuration set which is uniquely determined by the trial function. An applica-
tion to the calculation of the potential energy surface for linear LiH, in the reaction
LiH + H=Li + H; leads to the conclusion that this restricted CI is necessary.in
order to obtain satisfactory results for the potential energy barrier in this reaction.
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1. Introduction

Since it is difficult to obtain the necessary improvements over HF results by the
straightforward CI method, there is a growing interest in the MCSCF method which
optimizes the MO’s in a multi-configuration wave function. We here present an
MCSCF optimization method based on the generalized Brillouin theorem [1]. Two
advantages of this method over effective one-electron operator methods [2] are

that it is conceptually simple and that it is easy to augment such a calculation by

an effective restricted CI calculation. In Sect. 4 this method is applied to the calcula-
tion of the potential energy surface for linear LiH, in the region of interest for the
exchange reaction

LiH + H=Li + H,.

2. Optimization Procedure

Our method is a combination of a suggestion made by Hinze [3] and the method used
by Grein [4].

The optimization consists of the following steps:

1) An AO basis {x} of dimension  is chosen and an orthogonal set of starting MO’s
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{¥} is generated. This set is divided into subsets of doubly occupied, variably occupied
and empty orbitals by defining

Walnd=2},  {,10<nd<2},  {Yeln?=0} (D

where n° is the occupation number of an MO in the MCSCF trial function ¥ . The sets
of occupation numbers and spin coupling schemes for the configurations ®y (i.e. sym-
metry adapted linear combinations of Slater determinants) are selected and ¥, is con-
structed according to

Yo = % ax Py @)
2) The coefficients g in (2) are determined by a (small) CI calculation.
3) All possible singly excited states ¥;;

Vi = (Ciaj — Gia) ¥ G)

are constructed. Here C;,; is a transition operator in second quantization representa-
tion [5]. This definition implies that we are working in a spin-restricted formalism.
The “Brillouin states” W;; are unnormalized linear combinations of a (not necessarily
orthogonal) set of configurations, which is uniquely determined by the set {&,} in
Eq. (2) and by the dimension of the MO basis m(m < #). This set, augmented by the
set {®, }, will be denoted by {®;}.

4) The H-matrix for the set {®;} is constructed and transformed to the basis {¥q, ¥;;}.
5) The expansion coefficients b;; in
Vg =boWot+ 2 byV; 4)
i<j
are determined by solving the corresponding secular problem.

Since we are working in a spin-restricted formalism, the Brillouin states are generally
not mutually orthogonal (contrary to [3]). For the order dg of the matrix to be
diagonalized we have

dg <im(m—-1), (m<n).

For the true MCSCF-MO?s all coefficients b;; in the eigenvector corresponding to the
lowest eigenvalue vanish, because these MQ’s satisfy the generalized Brillouin
theorem {1]

(BolHI =0  (1<ij<m). (5)

6) From the information contained in the CI coefficients bo and b;; an orthogonal MO
transformation matrix T is constructed in order to obtain a better approximation for
the MCSCF-MO’s in the next iteration by

Y=yl (6

Two methods to obtain T are discussed in the next section.
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7) The set {Y/} is replaced by {{/'} and the procedure is repeated from 3) until con-
vergence is obtained, ie. [ b1 <t, 1 <i,j<m, where ¢ is a certain threshold.

8) The calculation may be completed by a CI calculation using the set {®,}:

‘IJCI = z alq)l- (7)
[
This set constitutes a useful subset of the full configuration set because of the following

reasomns.

a) It may be expected to contain the most important singly, doubly and triply excited
configurations with respect to the HF determinant, if W, contains the most important
doubly excited configurations.

b) The number of independent parameters g, in Eq. (7) is generally much larger than
the number of parameters b;; in Eq. (4), since roughly

d;~didp

where d; and dj, are the dimensions of the sets {®)} and {®y} respectively. Therefore
Wy may be expected to lead to an appreciable energy lowering with respect to the
MCSCF function W, (which is identical to ¥g for the converged MCSCF-MO’s, ¢f. Eq.

().

c) The calculation of Wey involves only an additional diagonalization, since the cor-
responding H-matrix has already been calculated in step 4) of the optimization
procedure.

d) Wephas the same invariance properties under MO transformations as ¥y. This may
be seen as follows. The MO’s belonging to the subset {,,} defined in Eq. (1) are
uniquely determined by the MCSCF optimization, but the MO’s in {4} and {Y.} are
not. A transformation within the set {y,} corresponds to a transformation of those
configurations in {&;}, which have just one Ve singly occupied. Since all single excita-
tions with respect to the set {®} are present in {®y}, this set is closed under these
transformations. An analogous argument holds for {¥a}. Thus Wy is invariant under
transformations which leave W invariant. Since the individual MO’s in the subset {y/;}
and {Y,} are not uniquely determined by our optimization procedure, this is a
necessary condition to obtain results for Wy which are independent of the choice of
starting MO’s for the MCSCF optimization.

3. The MO Transformation Step

In step 5) of the optimization procedure the coefficients b;j in Eq. (4) are used to generate
the MO transformation matrix 7'in Eq. (6). The coefficients @, in Eq. (2) are kept

fixed in this step. In principle we would like to choose T such that the following criterium
is satisfied

(Fg — WolWg — W)  minimal (8)
where Wy is defined by
Vo= a.d) %)
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@, contains the improved MO’s " and ¥ may be varied by varying T. Since T'is
orthogonal, ¥y is normalized, and Eq. (8) is equivalent to

(¥g| ¥y maximal. (10)

The orthogonal transformation 7 in one-electron space corresponds to an orthogonal
transformation Ty in N-electron space, i.e. the space spanned by the full configuration
set. Therefore we have

8(¥g| W)= 8(¥g| Ty | Wo) = (Wp|8Ty | Ty =0 (11)

for variations T}y such that Ty + 8 Tjy still corresponds to an orthogonal transformation
T+ 8T in one-electron space.

Generally the relations between the matrix elements of 7" and T}y are rather complicated,
leading to a set of coupled Nth order equations. However, since the coupling between
the MO transformation and the coefficients a is neglected anyway in this step, it will
not be efficient to solve these equations exactly. In the following, two approximate
methods are discussed, which have proved to be useful in practical applications.

3.1. First-Order Method (A)
Suppose we take
T=agl+ A (12)

where A is skew symmetrical, |a;| < 1. Then if we apply T'to {{/} and expand ¥, to
terms of first order in a;; we obtain

Wo=ay (ag¥o+ z i) (13)
i<j

From Eq. (6) it is clear that ¥y (apart from the normalization) may be identified with
Wg . Therefore, in order to make the transition from ¥z of Eq. (4) to ¥y, we take

Ty=ay=—Ti==b; (<)) (14

i.e. the non-diagonal elements of T are identified with the coefficients b;; of the un-
normalized Brillouin states, as defined by Eq. (3). This result has also been found by
Grein [4] from the convergence properties of several alternative procedures. Eq. (12)
gives slightly better results than the method used by Grein, because his formula

implies @ = 1 in Eqs. (12) and (13). The matrix 7 defined by Eq. (12) is generally not
strictly orthogonal and this has to be corrected before we apply T to {{/}. For the
orthogonalization the Lowdin method seems to be particularly suited, because it maxi-
misses the overlap between non-orthogonal and the orthogonalized MO’s. In practice, a
somewhat better rate of convergence is obtained with successive Lowdin and Schmidt
orthogonalizations for the various subsets defined in Eq. (1). Method A is very simple
to apply, but it has the disadvantage that it is difficult to see how the orthogonalization
affects'the energy of the trial function, especially in cases where it is difficult to choose
good starting MO’s. Moreover, it may be shown that if there exists a T, such that

\If6= TN\I’():\I’B (15&)
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i.e.
(U — WolWg - W) =0 (15b)

then method A will not always lead to this transformation (see appendix for details).

3.2. Density Matrix Method (B)

The norm in N-electron space of Eq. (8) may be replaced by a norm in one-electron
space

(p(¥p) — p(¥o)|p(¥p) — p(¥p))  minimal (16)

where p(Wg) and p(¥,) are the one-electron spinless density functions of W and Wy
respectively. Two reasons for choosing Eq. (16) are:

a) Eq. (16) leads to linear conditions on the elements of T, as will be shown below,
b) If there exists a transformation 7 such that Eq. (15) holds, Eqgs. (8) and (16) are
equivalent, since in that case

(Wp — WolWg — Vo) = o(¥g) — A(¥o)lp(¥s) — p(¥o)? = 0.

It will now be shown how Eq. (16) may be satisfied. By expressing the density
functions in Eq. (16) in some arbitrary orthogonal one-electron basis {¢}

p=2 Py ity
ij
we obtain in terms of the density matrices P
tr[Py(¥g) — Py(¥g)]*  minimal. (17)

If the configurations @ in ¥, are built from the set {¢} the elements of Py(¥y) may
be expressed in the form

Py i1(¥o) = (Wl Cpos 10 =% % axay' (| Crs 1 By

These elements depend only on the coefficients a; and on the occupation numbers
and spin coupling schemes of the set {®;}. Since these are kept fixed in the MO trans-
formation step (cf. Eq. (9)) we have

Pxp’(‘I’(’)) =Py (Wo). (18)
With
Py (¥g) = TP, (¥p)T,

Eq. (18) and using the orthogonality of 7, it is easily verified that Eq. (16) is
equivalent to

tr[TTP3TP,]  maximal (19)
where Pg = Py, (Wg) and Py =Py ().
Varying T'in Eq. (19) yields

tr[8 TTPg TP, + TTP8 TP,] = 0. (20)
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The orthogonality of T'may be conserved by restricting 67 to
86T=TA (21)

where A is an arbitrary skew symmetrical matrix. Substitution of Eq. (21) into Eq.
(20) yields

tr[A [Py, TTP5T]] = 0. (22)

Since Py and Py are symmetrical, the commutator in Eq. (22) is skew symmetrical.
Since A is an arbitrary skew symmetrical matrix, Eq. (22) can only be satisfied if

[Py, TTPLT] = 0. (23)

Eq. (23) implies that P, and TTPB T have a common set of eigenvectors. If the eigen-
vectors and eigenvalues of Py and Ppg are denoted by Ty, Tg, Ny and Np respectively,
it is easily verified that Eq. (23) is satisfied by

T=TgT} (24)
and that the maximal value for Eq. (19) is obtained as
tr[To TPy T TAPy) = tr(NgNo). (25)

In order to find the absolute maximum of Eq. (19), in constructing T the eigen-
vectors in Ty and Tz must be ordered such that the corresponding eigenvalues in
Ny and Np are ordered in the same way, i.e.

A’Oi < IVO]' if IVBI' < ‘/VB]' . (26)

Eq. (24) is consistent with the convergence criterium |b;;1 <t (1 <i,j <m), for in the
limit b;; = O we have

Yp=V,,  Ip=T (27a)
=1, =y (27b)

i.e. the MO’s have converged if the Brillouin theorem Eq. (5) is satisfied. Generally

Eq. (24) involves two diagonalizations in order to find the required MO transformation.
The diagonalization of Py involves only the set {{/,}. Since the solution is invariant

under transformations of the sets {4} and {{.}, Pg need not be completely diagonalized.
In practice, however, a full diagonalization of Pg is required because T is not uniquely
determined unless Eq. (26) is used.

The density matrix method has the disadvantage that the density function of ¥g is
approximated in the mean by using the quadratic norm (16). This norm is not

sensitive to variations in MO’s with small occupation numbers in Wq. This means that
MO’s occurring only in configurations with small coefficients in ¥, (i.e. the correla-

tion orbitals) are given less weight than they should have, according to the energy
criterium which has been replaced by Eq. (16) for the determination of ¥§. Consequently
this method gives non-optimal convergence for those orbitals which (especially in the

first few iterations) change most.
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Another disadvantage is the fact that there is not always a one-to-one correspondence
between Egs. (4) and (27b), i.e. there are cases for which Eq. (27b) holds identically
(see appendix for details). This corresponds to the fact that Eq. (23) may be satisfied
identically, i.e. if Py and Py are unit matrices, T is not uniquely determined by Eq.
(23) and diagonalization of Py and Py leads to Eq. (27b).

Obviously the density matrix method does not converge in these cases. This
applies especially to MCSCF functions consisting mainly of configurations with
more than one singly occupied orbital, e.g. VB type calculations. By comparing
the two methods for determining T described above for a number of test cases we
come to the following conclusions. Although with the same starting vectors rather
different paths in the orbital parameter space are followed both methods generally
need about the same (small) number of iterations to reach convergence. Method B
appears to be somewhat safer in the case of inaccurate starting vectors, but it also
seems to be slightly slower.

4. Results for Linear LiH,

Some calculations have been carried out for linear Lil, with the method described
above. This system, to our knowledge, has not been treated before at the MCSCF or
CI level of approximation. For one geometry (R = 3.1 a.u., Ryy = 2.7 a.u.) in
the saddle point region for the reaction

LiH + H=Li+ H, (28)

the results of a number of MCSCF and CI calculations were compared. The MCSCF
results for the energy barrier F(LiH,) — E(LiH + H), where E(LiH,) is the energy
of the saddle point geometry, were also compared with SCF and CI results,

As AO basis a split valence GTO basis was used, viz. Li(6, 2) - [3,2], H(3) = [2].
The Li 1s and H 1s exponents and contraction coefficients were taken from [6],
whereas the Li 25 and 2p exponents were partially optimized in LiH at Ry = 4 a.u.
with a,g = @y, for each GTO. This was done because E(Li + Hy) <E(LiH + H) and
consequently the barrier height is rather sensitive to exponent variations in LiH. The
Li inner shell MO was kept fixed to the SCF results, since this MO is not expected
to affect the form of the potential energy surface appreciably.

The full configuration set (with the Li inner shell MO doubly occupied) contains
168 configurations. The results for various MCSCF and CI calculations with various
MO basis sets for the fixed geometery are given in Table 1. The correlation energies
are given in terms of the total correlation energy

Elop=0.03016 a.u. = 0.821 eV = 18.9 keal/mol

defined as the energy difference between the full CI result and the HF energy in this
AOQ basis. The HF, MCSCF (set 4, to be defined below), restricted CI (set {®;}) and full
CI calculations were carried out for a large number of points in the region of interest
for reaction (28). The results for the barrier heights and saddle point geometries

are given in Table 2.
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Table 1. Correlation energies for LiHy (Rpjyg = 3.1 a.u,, Ryy = 2.7 a.u.)

Method Conf. Set 1 (Conf.) MO-Set AE (% of EL 1p)
HF HF 1 HF 0
cl A 3 HF 5
1 B 3 HF 8
I c 4 HF 9
cl HF + 52 20 HF 29
Cl A+ st 48 HF 57
1 HF + g® 79 HF 61
MCSCF A 3 MCSCF 62
MCSCF C 4 MCSCF 74
INO A+ 48 INO (HF)® 86
cl {0,430 43 MCSCF 88
INO A+ 48 INO (MCSCF)® 90
cl HF + 5+ ¢? 98 HF, INO, MCSCF 98
1 full " 168 HF, INO, MCSCF 100

8 s and d stand for all singly and doubly excited configurations respectively.
b [, 4 }is the set {®;} generated from set A (see text).
¢ the MQ-sets in parentheses are the starting MO’s.

Table 2. Barrier heights (AE) and saddle point geometries for LiH + HeLi + Hy

Method AF(a.u.) Rypjyla.u) Ryufa.u.)
HF(®,) 0.0101 3.30 260
MCSCF (set 4) 0.0094 3.38 3.09
Cl{®;, 4} 0.0032 3.30 3.27
CI (full) 0.0029 3.30 3.25

For the MCSCF calculations several selections from the following configuration set
have been used

@, =111223]

®,=[11443| (29)

®3=6"122{1T243| (11243117243}

Py=6"12{2117253|- 111253~ [11253]}.
The HF determinant @, is dominant at all geometries considered. For the reactant
LiH or product H, the MO’s Y/, and 4 are the bonding and antibonding orbitals
respectively. With this choice ®, ensures a qualitatively correct dissociation behaviour
into individual atoms. &3 and ®4 are only important in the saddle point region and
may therefore be expected to affect the barrier height. The spin coupling schemes of
®; and @, are chosen such that they are orthogonal to the Brillouin states W4 and

¥,5, defined with respect to the full set {®;} of Eqs. (29), which involve the same
occupation numbers as ®3 and P,.
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In the set 4 = {®y |k = 1, 2, 3} only one correlation orbital is involved, viz. Y. This is
a restriction, because the mixing of ®, with &, or $5 separately leads to different
forms for this MO. Within the set B ={® |k =1, 2, 4} there is also a restriction, i.e. the
correlation orbitals Y4 and Y5 are assumed to be orthogonal. A function without
these restrictions, i.e. a function containing the occupation numbers of set B with
non-orthogonal correlation orbitals may be represented in an orthogonal MO basis

by set C={®,jk =1, 2, 3, 4} The results for these sets are as follows (AE = percentage
of the correlation energy £f,,,). For the fixed geometry (Table 1) all sets give poor
results with HF — MO’s (AF = 5-9%). After the MCSCF optimization set 4 gives AL =
62%, set B Jeads to a highly divergent iterative process and set C gives AE' = 74%. The
divergence in the calculation with set B is caused by the fact that &, and ®; compete
with each other in lowering the energy. Apparently the restriction in set 4 is less
severe in this case than the restriction in set B, even though set B contains a larger
number of variational parameters than set 4. Although the performance of set 4
seems to be quite impressive, the result for the barrier height (Table 2) is only slightly
better than the HF result, indicating that this set contains primarily intramolecular
correlation. Since it is very unlikely that set C gives significantly better results for

the barrier height, the MCSCF method with the set {®;} of Egs. (29) is unsatisfactory
in this respect.

The MCSCF-MO’s were also used for restricted CI calculations with the set {®;} cor-
responding to MCSCF function 4. This set {®;, A} contains 43 configurations and
yields 88% of the correlation energy at the fixed geometry. With (Schmidt ortho-
gonalized) HF-MO’s this configuration set gives only 57% of the correlation energy.
With MCSCF-MO’s the barrier height is found to be only 0.0003 a.u. = 0.2 kcal/mol
too high (cf. Table 2). This corresponds to a barrier height of 31% of the HF result
and to a barrier height lowering with respect to the HF result of 96% of the full

CI result. The saddle point geometry is also well predicted by this restricted CI
calculation. Since these results are much better than the MCSCF results, we see that
our method for restricted CI calculations with the set {®;} as defined in Sect. 2 leads
to much better agreement with full CI results than a simple MCSCF calculation. Also,
by comparing the correlation energy contributions and the lowering of the barrier
heights for the MCSCF and restricted CI calculation respectively, it may be seen that
the intermolecular correlation contributions are relatively better taken care of in the
restricted CI calculation than in the MCSCF calculation. It is, however, clearly difficult
to separate inter- and intramolecular effects in this case.

The calculations for the fixed geometry were also compared with INO calculations [7]
with a fixed configuration set, similar to the set {®;, 4}. Owing to program restrictions
we had to include some extra configurations into this set, leading to a set of 48 con-
figurations. These calculations appear not to lead to unique results, as might have

been expected from the fact that the INO method does not use T as defined in Eq.

(24) for the MO transformation step. After a number of iterations the energy reaches

a minimum and after that the process diverges. If the energy minimum is taken as

the final energy, the result appears to depend on the choice of the starting MO’s. Thus
we find AE = 86% and AE = 90% for HF and MCSCF-MQ’s respectively. This problem
is less serious in a large Cl calculation e.g. including ®; and all single and double excitations
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(98 configurations). However, in this case the result turns out to be insensitive to the
choice of MO’s, since HF, MCSCF and INO-MO’s all lead to the same result (AE = 98%).

5. Conclusions

We have shown that the spin-restricted MCSCF optimization method based on the
generalized Brillouin theorem for an orthogonal MO-basis leads to an iterative process
with satisfactory convergence properties. The rate of convergence depends in most

cases only slightly on the method used for the MO transformation step whereas in
extreme cases the two methods considered behave quite differently. From the configura-
tion set chosen for the trial function a useful configuration set for restricted CI calcula-
tions may be generated, which has been proved to give much better results than a

simple MCSCF calculation for the characteristics of the potential energy surface for

the exchange reaction

LiH+H=1i+H,.
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Appendix

The performance of the two methods for choosing T in Eq. (6) considered above if
Eqgs. (15) are satisfied may conveniently be compared by considering a simple (and
therefore rather extreme) example.

We choose
o =2"Y2[lab| — |abl] (A1)

and from Egs. (3), (4) and (9) we find, confining our attention for simplicity to the
mixing of the orbitalsa and b,

o, = 2Y2[(bb| — |aal]
Vg = boWo + bapVap (A2)
Wy = cos 2a¥q + § sin 20005,
Eqgs. (15) may now be satisfied by choosing @ such that
tg2a = 2b,p /by
The first-order substitution method leads to
tg & = byy/bo.
This is only a good. approximation to the exact result for small values of a.

The density matrix method is formally correct in this case. However, for the above
example it may easily be shown that it does not work in practice, since Py and Py
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are both unit matrices in this case. Therefore Eq. (23) is identically satisfied and
consequently « cannot be determined from Eq. (24).

This result for the density matrix method may be generalized as follows.

For any function

n
\Ilo = H d/l@‘ (A3)
i=1
where © is a linear combination of spin products and the set {{/} is an orthogonal set
of space functions of dimension n, we have

This result is independent of the coefficients b;; in Eq. (4). For the proof of Eq. (A4)

the commutation rules for the excitation operators C;, ; and the anti-Hermitian property
of the operator C;_.; — Cj_, ; in Eq. (3) may be used. Since it is straightforward but
somewhat lengthy it will not be reproduced here.
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